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Abstract 

We derived the second-order perturbations of the Einstein equations and the Klein- 
Gordon equation for a generic situation in terms of gauge-invariant variables. The 
consistency of all the equations is confirmed. This confirmation implies that all the 
derived equations of the second order are self-consistent and these equations are 
correct in this sense. We also discuss the physical implication of these equations. 

1 Introduction 

The general relativistic second-order cosmological perturbation theory is one of topical subjects in the 
recent cosmology. Recently, the first-order approximation of our universe from a homogeneous isotropic 
one was revealed through the observation of the CMB by the Wilkinson Microwave Anisotropy Probe 
(WMAP)[1], the cosmological parameters are accurately measured, we have obtained the standard cos- 
mological model, and the so-called "precision cosmology" has begun. These developments in observations 
were also supported by the theoretical sophistication of the linear order cosmological perturbation theory 
To explore more detail observations, the Planck satellite was launched on the last May and its first light 
was reported[2]. With the increase of precision of the CMB data, the study of relativistic cosmological 
perturbations beyond linear order is a topical subject. The second-order cosmological perturbation theory 
is one of such perturbation theories beyond linear order. 

In this article, we show a part of our formulation of the second-order gauge-invariant perturbation 
theory [3]. We give the consistency relations of the source terms in all the second-order perturbation of 
the Einstein equations and the Klein-Gordon equation in the single scalar field case as in the case of 
the perfect fluid case [4]. These consistency relations imply the all derived equations of the second order 
are self-consistent and these equations are correct in this sense. Further, we also discuss the physical 
implication of our second-order Einstein equations. 

2 Metric and matter perturbations 

The background spacetime for the cosmological perturbations is a homogeneous isotropic background 
spacetime. The background metric is given by 

9ab = a 2 {-(dr)) a (dr)) b + Jij(dx l ) a (dx j ) b } , (1) 

where 7 a h := jij(dx l ) a (dx :, )b is the metric on the maximally symmetric three-space and the indices 
i,j,k,... for the spatial components run from 1 to 3. On this background spacetime, we consider the 
perturbative expansion of the metric as g a b = 9ab + ^xh a b + \-xlab + C(A 3 ), where A is the infinitesimal 
parameter for perturbation and h a b and l a b are the first- and the second-order metric perturbations, 
respectively As shown in Refs. [3], the metric perturbations h ab and l a b are decomposed as 

h a b ='■ Hab + £x9ab 1 lab ='■ £-ab + 2£xh a b + (£y ~ £ x) 9ab, (2) 
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where T-i a b and C a b are the gauge-invariant parts of h a b and l a b, respectively. The components of T-L a b 
and C a b can be chosen so that 

H ab = a 2 j-2 $ (dr)) a (dr)) b + 2 v\ (d v ) {a (dx % ) b) + (-2 * 7ij + XyJ (da; i )a(^') & | , (3) 

f ( 2 ) (2) / (2) (2) \ 1 

Cab = a 2 j -2 $ (dr]) a (dr]) b + 2 v, {d^^dx 1 )^ + ( -2 $ 7y + XyJ (dx l ) a (rfa^) 6 ^ . (4) 

(p) (p) 
In Eqs. (3) and (4), the vector- mode v i and the tensor- mode Xij (P = 1)2) satisfy the properties 

■ (p) ■■ (p) (p) ■ (p) 

D l Vi= -f>D p V j= 0, x l i= 0, D l X tf = 0, (5) 

where 7*^' is the inverse of the metric 7^ . 

On the other hand, we also expand the scalar field as tp = if + Xipi + ^-if>2 + 0(X 3 ) and decompose 
ifi and ip 2 into gauge-invariant and gauge- variant parts as 

f 1 =: if! + £x<P, $2 =■ <P2 + 2£x<Pi + (£y - £ x ) V> (6) 

respectively, where X a and Y a are the gauge-variant parts of the first- and the second-order metric 
perturbations, respectively, in Eqs. (2). 

3 Equations for Perturbations 

Here, we summarize the Einstein equations and the Klein-Gordon equations for the background, the first 
order, and the second order on the above background spacetime (1). 

The background Einstein equations for a single scalar field system are given by 

H 2 + R = ^G_ a 2 (J^^cp) 2 + V{<p)j , 2d v H + n 2 + K = 8ttG (-i(9^) 2 + a 2 V(f)^ , (7) 

where % := d^a/a, K is the curvature constant of the maximally symmetric three-space. 

On the other hand, the second-order perturbations of the Einstein equation are summarized as 

2d v * +2H $ -8TrGip 2 d v <p - A~ 1 D k T k , y - $ = |(A + 3K)- 1 Ia^D^F^ - |r fc fe | ,(8) 



(9) 



$= {AA-'DT, - r,} , d, [a 2 g) = {D i A~ 1 D k DiT k l D k T, k } , (10) 

(d 2 + 2H8 V + 2K - A) % 

= 2T {j - ^ ll3 T k k - 3 (DiDj - p tj A\ (A + 3K )" 1 (a-^^J, 1 - ±T k k 

+4 {D (i (A + 2K)- 1 D j) A- 1 D l D k T l k - D (i (A + 2Ky 1 D k T j)k } = 0, (11) 

where := j k: >Ti k and T k k = 7 y Tij. The source terms To, Ti, and are the collections of the 
quadratic terms of the linear-order perturbations in the second-order Einstein equations. Further, the 
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second-order perturbation of the Klein-Gordon equation 

tfw + 2Hd n ip 2 - A^p 2 - (d n $ +3d v ( |A d n y + 2a 2 $ ^(93) + a 2 <p 2 ^((p) = S (K) , (12) 

where the source term S(k) is also the collections of the quadratic terms of the linear-order perturbations 
in the second-order Klein-Gordon equation. The explicit form of these To? Tz, Eij, and 3(jn are given in 

(2) (1) 

Refs. [3] . The first-order perturbations of the Einstein equations are given by the replacements $ — > $ , 

(2) (1) (2) (1) (2) (1) 

vjr vjr , Vi ->• Vi , ->■ , <£ 2 ->• (pi, and F = I* = Fy = a^jq = 0. 



4 Consistency of equations for second-order perturbations 

Now, we consider the consistency of the second-order perturbations of the Einstein equations (8) and (9) 
for the scalar modes, Eqs. (10) for vector mode, and the Klein-Gordon equation (12). 

(2) 

Since the first equation in Eqs. (10) is the initial value constraint for the vector mode vi and it 
should be consistent with the evolution equation, i.e., the second equation of Eqs. (10). Explicitly, these 
equations are consistent with each other if the equation 

d n T k + 2UT k - D l T lk = (13) 

is satisfied. Actually, through the first-order perturbative Einstein equations, we can directly confirm 
the equation (13) through the background Einstein equations, the first-order Einstein equations, and the 
long expressions of Ti and given in Refs. [3]. 

Next, we consider the consistency of the second-order perturbation of the Klein-Gordon equation (12) 
and the Einstein equations (8) and (9). From these equation, we can show that the second-order per- 
turbation of the Klein-Gordon equation is consistent with the background and the second-order Einstein 
equations if the equation 

2 (d n +n)T Q - D k T k + HT k k + 8nGd n <pE {K) = (14) 

is satisfied under the background and the first-order Einstein equations. Further, we can directly con- 
firm Eq. (14) through the background Einstein equations, the first-order perturbation of the Einstein 
equations, and the long expression of To, r,-, T^ , and ^(k) which are given in Refs. [3]. 

Equation (13) comes from the consistency of the initial value constraint and evolution equation and 
Eq. (14) comes from the consistency between the Klein-Gordon equation and the Einstein equation. 
These equation should be trivially satisfied from a general viewpoint, because the Einstein equation is 
the first class constrained system. However, these trivial results imply that we have derived the source 
terms To, Ti, Tij, and ^ck) are consistent with each other and are correct in this sense. We also note 
that these relations arc independent of the details of the potential of the scalar field. 



5 Summary and discussions 

In this article, we summarized the second-order Einstein equation for a single scalar field system. We 
derived all the components of the second-order perturbation of the Einstein equation without ignoring 
any types modes (scalar-, vector-, tensor-types) of perturbations. As in the case of the perfect fluid [4], 
we derived the consistency relation between the source terms of the second-order Einstein equation and 
the Klein-Gordon equation. 

In our formulation, any gauge fixing is not necessary and we can obtain all equations in the gauge- 
invariant form, which are equivalent to the complete gauge fixing. In other words, our formulation gives 
complete gauge-fixed equations without any gauge fixing. Therefore, equations obtained in a gauge- 
invariant manner cannot be reduced without physical restrictions any more. In this sense, the equations 
shown here are irreducible. This is one of the advantages of the gauge-invariant perturbation theory. 

The resulting Einstein equations of the second order show that the mode-couplings between different 
types of modes appears as the quadratic terms of the linear-order perturbations owing to the nonlinear 
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effect of the Einstein equations, in principle. Perturbations in cosmological situations are classified into 
three types: scalar, vector, and tensor. In the second-order perturbations, we also have these three types 
of perturbations as in the case of the first-order perturbations. In the scalar field system shown in this 
article, the first-order vector mode does not appear due to the momentum constraint of the first-order 
perturbation of the Einstein equation. Therefore, we have seen that three types of mode-coupling appear 
in the second-order Einstein equations, i.e., scalar-scalar, scalar-tensor, and tensor-tensor type of mode 
coupling. Since the tensor mode of the linear order is also generated due to quantum fluctuations during 
the inflationary phase, the mode- couplings of the scalar-tensor and tensor-tensor types may appear in 
the inflation. If these mode-couplings occur during the inflationary phase, these effects will depend on 
the scalar-tensor ratio r. If so, there is a possibility that the accurate observations of the second-order 
effects in the fluctuations of the scalar type in our universe also restrict the scalar-tensor ratio r or give 
some consistency relations between the other observations such as the measurements of the B-mode of 
the polarization of CMB. This will be a new effect that gives some information on the scalar-tensor ratio 
r. 

As the current status of the second-order gauge-invariant cosmological perturbation theory, we may 
say that the curvature terms in the second-order Einstein tensor, i.e., the second-order perturbations 
of the Einstein tensor, are almost completely derived, although there remain some problems should 
be clarified[3]. The next task is to clarify the nature of the second-order perturbation of the energy- 
momentum tensor through the extension to multi-fluid or multi-field systems. Further, we also have to 
extend our arguments to the Einstein Boltzmann system to discuss CMB physics, since we have to treat 
photon and neutrinos through the Boltzmann distribution functions. This issue is also discussed in some 
literature [5]. If we accomplish these extension, we will be able to clarify the Non- linear effects in CMB 
physics. 
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